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Abstract
In this paper we present new stability and extensibility results for skew-product semiflows with a minimal
base flow. In particular, we describe the structure of uniformly stable and uniformly asymptotically stable
sets admitting backwards orbits and the structure of omega-limit sets. As an application, the occurrence of
almost periodic and almost automorphic dynamics for monotone non-autonomous infinite delay functional
differential equations is analyzed.
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1. Introduction
An important question in the theory of non-autonomous differential equations consists on the
description of the long-time behaviour of the trajectories. When the coefficients of the equation
exhibit a recurrent variation in time, its solutions define a skew-product semiflow in a natural
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624 S. Novo et al. / J. Differential Equations 235 (2007) 623–646way. The skew-product formalism permits the analysis of the dynamical properties of the trajec-
tories, using methods of topological dynamics and ergodic theory. In this paper we investigate
the structure of the compact invariant sets, which becomes essential to understand the global
picture of the dynamics. Although these sets inherit dynamical properties of the vector field un-
der appropriate hypotheses, it is also well known that their dynamics could exhibit much more
complexity in some cases.
We consider an abstract skew-product semiflow (Ω ×X,τ,R+) where (Ω,σ,R) stands for a
minimal flow on a compact metric space and X is a complete metric space. In the first part of this
paper we prove that a uniformly stable compact positively invariant set admitting a backward or-
bit for every point has a flow extension, which is fiber distal and uniformly stable when t → −∞.
In addition, if the set is uniformly asymptotically stable, we show that it is an N -cover of the base
flow. As a consequence, the omega-limit set of a uniformly stable trajectory is a uniformly stable
minimal set which admits a fiber distal flow extension, and it is a uniformly asymptotically stable
N -cover of the base flow if the trajectory is uniformly asymptotically stable.
The previous results on the structure of omega-limit sets were proved by Sacker and Sell [11]
for almost periodic differential equations. A more recent version of these results was stated by
Shen and Yi [13] when the base flow (Ω,σ,R) is minimal and distal. Their proofs are based on
relevant properties of the Ellis semigroup generated by a distal flow (see Ellis [4]). In particu-
lar they show that, if a compact flow is positively or negatively distal, then it is distal. In this
situation, it is the stability which provides the negative distallity.
Almost periodic and distal flows are representative examples of regular dynamics, whereas
a general minimal flow could exhibit typical features of chaotic dynamics in its behaviour (see
Yi [16]). In this paper we give a new version of the classical results assuming that the flow
(Ω,σ,R) is just minimal, that is, in a more general dynamical scenario. The former arguments
based on distallity no longer apply. But actually the most natural concept associated to the stabil-
ity is the fiber distallity. Thus, the absence of distallity is not an important obstacle to develop an
alternative theory. This is the main idea we apply in this paper in order to prove the mentioned
theorems on the structure of compact invariant sets, by means of a careful analysis of the set of
continuity points of the section map.
The influence of these results in the theory of non-autonomous differential equations is clear.
In particular many of the results proved in Shen–Yi [13] and Jiang–Zhao [6], where the distallity
of the base flow is assumed, can be generalized in a straightforward manner to the case in which
the flow on the base is just minimal. Direct proofs of attractivity for monotone skew-product
semiflows, satisfying appropriate hypotheses of convexity or concavity, with a minimal flow on
the base can be found in Novo–Obaya [9], Novo et al. [8,10].
The second part of the paper is devoted to the study of dynamical properties of a monotone
skew-product semiflow determined by a family of functional differential equations with infinite
delay. Many essential results in the theory of monotone dynamical systems deduced in the last
decades require strong monotonicity. This condition never holds when we consider infinite delay
differential equations with the usual order. Although the definition of an alternative order is pos-
sible in some particular cases (see for instance Wu [17]), this explains the reason why monotone
methods have not been systematically applied to this kind of problems. We extend to this context
recent results with significative dynamical meaning which only require the monotonicity of the
semiflow.
The natural state space for infinite delay problems is C((−∞,0],Rm) endowed with the
compact-open topology, which is a Fréchet space. We assume abstract properties on the equation
which guarantee that every bounded semitrajectory, whose initial state is bounded and uniformly
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the semiflow to its omega-limit sets is continuous and admits a flow extension. We also assume a
classical quasimonotone condition of the vector field (see for instance Smith [15]) which implies
that the semiflow is monotone for the usual order defined pointwise. The techniques and conclu-
sions derived in the first part of the paper allow us to prove results concerning the existence of
minimal sets which are almost automorphic extensions of the flow on the base. These minimal
sets are copies of the base flow assuming additional hypotheses of stability.
More precisely, we extend previous results of Novo et al. [8] deducing the presence of almost
automorphic dynamics from the existence of a semicontinuous semiequilibrium which satisfies
additional compactness conditions. If the base (Ω,σ,R) is almost periodic these methods ensure
the existence of almost automorphic minimal sets, which in many cases become exact copies of
the base and hence are almost periodic. Finally, when in the above dynamical scenario we as-
sume that the trajectories are bounded, uniformly stable and satisfy a componentwise separating
property, we show that omega-limit sets are all copies of the base. This provides an infinite delay
version of significative results proved by Jiang–Zhao [6]. A componentwise separation property
has been frequently considered for ordinary and finite delayed cooperative differential equations
(see for instance Smith [15] and Shen–Zhao [14]). We show that this is also a natural condition
for cooperative retarded differential equations with infinite delay.
The paper is arranged as follows. The first part of this work is to be seen as a contribution to
the area of topological dynamics. Section 2 reviews some basic notions in this topic. In Section 3
we establish the abstract skew-product semiflow setting and we describe the structure of sets
with some stability properties. Namely, new versions of classical results which do not require
distallity on the base flow are provided. The second part of the paper deals with infinite delay
problems. Section 4 is devoted to the case of a monotone skew-product semiflow determined
by a family of functional differential equations with infinite delay. We concentrate on the study
of minimal sets which are almost automorphic extensions or copies of the base flow. Finally, in
Section 5 under additional assumptions of uniform stability and the componentwise separating
property, we show that omega-limit sets are copies of the base flow.
2. Some preliminaries
Let (Ω,d) be a compact metric space. A real continuous flow (Ω,σ,R) is defined by a con-
tinuous mapping σ :R ×Ω → Ω , (t,ω) → σ(t,ω) satisfying
(i) σ0 = Id,
(ii) σt+s = σt ◦ σs for each s, t ∈ R,
where σt (ω) = σ(t,ω) for all ω ∈ Ω and t ∈ R. The set {σt (ω) | t ∈ R} is called the orbit or
the trajectory of the point ω. We say that a subset Ω1 ⊂ Ω is σ -invariant if σt (Ω1) = Ω1 for
every t ∈ R. A subset Ω1 ⊂ Ω is called minimal if it is compact, σ -invariant and its only
nonempty compact σ -invariant subset is itself. Every compact and σ -invariant set contains a
minimal subset; in particular it is easy to prove that a compact σ -invariant subset is minimal if
and only if every trajectory is dense. We say that the continuous flow (Ω,σ,R) is recurrent or
minimal if Ω is minimal.
The flow (Ω,σ,R) is distal if for any two distinct points ω1,ω2 ∈ Ω the orbits keep at a
positive distance, that is, inft∈R d(σ (t,ω1), σ (t,ω2)) > 0. The flow (Ω,σ,R) is almost peri-
odic when for every ε > 0 there is a δ > 0 such that, if ω1,ω2 ∈ Ω with d(ω1,ω2) < δ, then
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verse is not true; even if (Ω,σ,R) is minimal and distal, it does not need to be almost periodic.
A flow homomorphism from another continuous flow (Y,Ψ,R) to (Ω,σ,R) is a continu-
ous map π :Y → Ω such that π(Ψ (t, y)) = σ(t,π(y)) for every y ∈ Y and t ∈ R. If π is
also bijective, it is called a flow isomorphism. Let π :Y → Ω be a surjective flow homomor-
phism and suppose (Y,Ψ,R) is minimal (then, so is (Ω,σ,R)). (Y,Ψ,R) is said to be an
almost automorphic extension of (Ω,σ,R) (a.a. extension for short) if there is ω ∈ Ω such
that card(π−1(ω)) = 1. Then, actually card(π−1(ω)) = 1 for ω in a residual subset Ω0 ⊆ Ω ; in
the nontrivial case Ω0  Ω the dynamics can be very complicated. A minimal flow (Y,Ψ,R)
is almost automorphic if it is an a.a. extension of an almost periodic minimal flow (Ω,σ,R).
We refer the reader to the work of Shen and Yi [13] for a survey of almost periodic and almost
automorphic dynamics.
Let E be a complete metric space and R+ = {t ∈ R | t  0}. A semiflow (E,Φ,R+) is deter-
mined by a continuous map Φ :R+ ×E → E, (t, x) → Φ(t, x) which satisfies
(i) Φ0 = Id,
(ii) Φt+s = Φt ◦Φs for all t, s ∈ R+,
where Φt(x) = Φ(t, x) for each x ∈ E and t ∈ R+. The set {Φt(x) | t  0} is the semiorbit of
the point x. A subset E1 of E is positively invariant (or just Φ-invariant) if Φt(E1) ⊂ E1 for all
t  0. A semiflow (E,Φ,R+) admits a flow extension if there exists a continuous flow (E, Φ˜,R)
such that Φ˜(t, x) = Φ(t, x) for all x ∈ E and t ∈ R+. A compact and positively invariant subset
admits a flow extension if the semiflow restricted to it admits one.
Write R− = {t ∈ R | t  0}. A backward orbit of a point x ∈ E in the semiflow (E,Φ,R+) is
a continuous map ψ :R− → E such that ψ(0) = x and for each s  0 it holds that Φ(t,ψ(s)) =
ψ(s + t) whenever 0 t −s. If for x ∈ E the semiorbit {Φ(t, x) | t  0} is relatively compact,
we can consider the omega-limit set of x,
O(x) =
⋂
s0
closure
{
Φ(t + s, x) ∣∣ t  0},
which is a nonempty compact connected and Φ-invariant set. Namely, it consists of the points
y ∈ E such that y = limn→∞ Φ(tn, x) for some sequence tn ↑ ∞. It is well known that every
y ∈O(x) admits a backward orbit inside this set. Actually, a compact positively invariant set M
admits a flow extension if every point in M admits a unique backward orbit which remains inside
the set M (see Shen–Yi [13, part II]).
A compact positively invariant set M for the semiflow (E,Φ,R+) is minimal if it does not
contain any other nonempty compact positively invariant set than itself. If E is minimal, we say
that the semiflow is minimal.
A semiflow is of skew-product type when it is defined on a vector bundle and has a triangular
structure; more precisely, a semiflow (Ω×X,τ,R+) is a skew-product semiflow over the product
space Ω × X, for a compact metric space (Ω,d) and a complete metric space (X,d), if the
continuous map τ is as follows:
τ :R+ ×Ω ×X → Ω ×X,
(t,ω, x) → (ω · t, u(t,ω, x)), (2.1)
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The skew-product semiflow (2.1) is linear if u(t,ω, x) is linear in x for each (t,ω) ∈ R+ ×Ω .
Now, we introduce some definitions concerning the stability of the trajectories. A forward
orbit {τ(t,ω0, x0) | t  0} of the skew-product semiflow (2.1) is said to be uniformly stable if for
every ε > 0 there is a δ(ε) > 0, called the modulus of uniform stability, such that, if s  0 and
d(u(s,ω0, x0), x) δ(ε) for certain x ∈ X, then for each t  0,
d
(
u(t + s,ω0, x0), u(t,ω0 · s, x)
)= d(u(t,ω0 · s, u(s,ω0, x0)), u(t,ω0 · s, x)) ε.
A forward orbit {τ(t,ω0, x0) | t  0} of the skew-product semiflow (2.1) is said to be uniformly
asymptotically stable if it is uniformly stable and there is a δ0 > 0 with the following property:
for each ε > 0 there is a t0(ε) > 0 such that, if s  0 and d(u(s,ω0, x0), x) δ0, then
d
(
u(t + s,ω0, x0), u(t,ω0 · s, x)
)
 ε for each t  t0(ε).
From now on we will assume that the base flow (Ω,σ,R) of the skew-product semi-
flow (2.1) is minimal, while we do not require any distallity on the base flow. Neverthe-
less, the property of fiber distallity will prove to be essential in what follows. We say that
a compact τ -invariant set K ⊂ Ω × X which admits a flow extension is positively (respec-
tively negatively) fiber distal if for any ω ∈ Ω , any two distinct points (ω, x1), (ω, x2) ∈ K are
positively (respectively negatively) distal, that is, inft0 d(u(t,ω, x1), u(t,ω, x2)) > 0 (respec-
tively inft0 d(u(t,ω, x1), u(t,ω, x2)) > 0). The set K is fiber distal if it is both positively and
negatively fiber distal, that is, inft∈R d(u(t,ω, x1), u(t,ω, x2)) > 0.
3. Stability and extensibility results for omega-limit sets
In this section we give some new results in the area of topological dynamics for a continuous
skew-product semiflow (Ω × X,τ,R+) given as in (2.1) over a minimal base flow (Ω,σ,R)
and a complete metric space (X,d). In particular, we extend classical stability and extensibility
results to the case of a non-distal base flow, which allow us to generalize in a straightforward
way known results for monotone semiflows induced by non-autonomous differential equations
when the flow in the base is only minimal.
To begin with, we state the definitions of uniform stability and uniform asymptotic stability
for a compact τ -invariant set K ⊂ Ω ×X.
Definition 3.1. Let C be a positively invariant and closed set in Ω ×X. A compact positively in-
variant set K ⊆ C is uniformly stable (with respect to C) if for any ε > 0 there exists a δ(ε) > 0,
called the modulus of uniform stability, such that, if (ω, x) ∈ K , (ω, y) ∈ C are such that
d(x, y) < δ(ε), then d(u(t,ω, x),u(t,ω, y)) ε for all t  0. K is uniformly asymptotically sta-
ble if it is uniformly stable and besides, there exists a δ0 > 0 such that, if (ω, x) ∈ K , (ω, y) ∈ C
satisfy d(x, y) < δ0, then, uniformly in (ω, x) ∈ K , limt→∞ d(u(t,ω, x),u(t,ω, y)) = 0.
Very often one deals with either C = Ω×X or C = K . If no mention to C is made, we assume
that it is the whole space, whereas if the restricted semiflow (K, τ,R+) is said to be uniformly
stable, we mean that C = K . Besides, as it is to be expected, if C = Ω × X, all the trajectories
in a uniformly (asymptotically) stable set are uniformly (asymptotically) stable.
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not difficult to prove that, if the semiorbit of certain (ω, x) is relatively compact and uniformly
(asymptotically) stable, then the omega-limit set of (ω, x) is a uniformly (asymptotically) stable
set with the same modulus of uniform stability as that of the semiorbit (see Sell [12]).
Our next goal is to introduce a topological tool that we call the section map, which will prove
to be useful in the sequel. Given a compact and positively invariant set K ⊂ Ω × X, let us
introduce the projection set of K into the fiber space
KX =
{
x ∈ X ∣∣ there exists ω ∈ Ω such that (ω, x) ∈ K}⊆ X.
From the compactness of K it is immediate to show that also KX is a compact subset of X. Let
Pc(KX) denote the set of closed subsets of KX , endowed with the Hausdorff metric ρ, that is,
for any two sets A,B ∈Pc(KX),
ρ(A,B) = sup{α(A,B), α(B,A)},
where α(A,B) = sup{r(a,B) | a ∈ A} and r(a,B) = inf{d(a, b) | b ∈ B}. Then, define the so-
called section map
Ω → Pc(KX),
ω → Kω =
{
x ∈ X ∣∣ (ω, x) ∈ K}. (3.1)
Due to the minimality of Ω and the compactness of K , the set Kω is nonempty for every ω ∈ Ω ;
besides, the map is trivially well-defined.
Lemma 3.2. There exists a residual set Ω0 ⊆ Ω of continuity points for the section map (3.1)
associated to a compact and positively invariant set K ⊂ Ω ×X.
Proof. It is stated in Choquet [3] that, if the previous map is semicontinuous, then it is continuous
on a residual set of points. So, let us prove that the section map is upper semicontinuous: again
according to Choquet [3] it suffices to see that for every open set V ⊂ KX , also the set Γ =
{ω ∈ Ω | Kω ⊆ V } is open in Ω .
We fix an open set V ⊂ KX and we consider a sequence {ωn}n∈N ⊂ Ω \ Γ such that
limn→∞ ωn = ω0. In particular ωn ∈ Ω and Kωn  V for each n ∈ N, so that for each n ∈ N
there exists xn ∈ Kωn such that xn /∈ V . From the sequence of points {xn}n∈N in KX we can
extract a subsequence {xnk }k∈N which converges to a certain x0 ∈ KX . As the set V is open
and xnk /∈ V for all k, we deduce that neither is the limit x0 in V . On the other hand, notice
that (ωnk , xnk ) → (ω0, x0), so that (ω0, x0) ∈ K , that is, x0 ∈ Kω0 . Consequently, Kω0  V and
ω0 ∈ Ω \ Γ . In all, we have seen that Ω \ Γ is a closed set; equivalently, Γ is an open set. 
The next result relates the property of uniform stability to that of fiber distallity, provided that
there exists a flow extension.
Theorem 3.3. Let K ⊂ Ω × X be a compact τ -invariant set admitting a flow extension. If
(K, τ,R) is uniformly stable as t → ∞, then it is a fiber distal flow which is also uniformly sta-
ble as t → −∞. Furthermore, the section map for K , ω ∈ Ω → Kω = {x ∈ X | (ω, x) ∈ K} ∈
Pc(KX), is continuous at every ω ∈ Ω .
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Lemma 3.2. Fix ω0 ∈ Ω0 and tn ↑ ∞ with limn→∞ ω0 · tn = ω0, and consider for each n ∈ N the
continuous map
Un :Kω0 → KX,
x → u(tn,ω0, x).
Because of the uniform stability of K , {Un}n1 is uniformly equicontinuous on the compact
set Kω0 . Besides, {Un(x) | n  1} is relatively compact for each x ∈ Kω0 . By Arzelà–Ascoli’s
theorem there exists a subsequence which converges uniformly to a continuous map U on Kω0 .
Let us assume, without loss of generality, that U = limn→∞ Un. We now want to see that
U :Kω0 → Kω0 is a bijective map (and, as a consequence, U is a homeomorphism of Kω0 ).
The map U is onto: let us fix x0 ∈ Kω0 , i.e. (ω0, x0) ∈ K . Since ω0 is a continuity point,
limn→∞ Kω0·tn = Kω0 in the Hausdorff metric. Thus, there is a sequence xn ∈ Kω0·tn , n 1, such
that limn→∞ xn = x0. Moreover, since (K, τ,R) is a flow, let x˜n ∈ Kω0 be the point satisfying
u(tn,ω0, x˜n) = xn and let x˜0 ∈ Kω0 be the limit of an adequate subsequence of {x˜n} (again for
simplicity of the whole sequence). We claim that U(x˜0) = x0. Given ε > 0, let δ(ε) > 0 be the
modulus of uniform stability of K . There is n0 such that d(x˜n, x˜0) < δ(ε) and d(xn, x0) < ε for
each n  n0. Therefore, d(u(tn,ω0, x˜n), u(tn,ω0, x˜0)) = d(xn,u(tn,ω0, x˜0))  ε for any n  1,
and then d(x0,Un(x˜0)) = d(x0, u(tn,ω0, x˜0))  2ε for all n  n0, which implies our claim and
shows that U is surjective.
The map U is injective: take x1, x2 ∈ Kω0 with U(x1) = U(x2). It will suffice to see that for
any fixed ε > 0, d(x1, x2) ε. So, let us fix ε > 0 and let δ(ε) be the modulus of uniform stability
for K . Since U is onto, there are y1, y2 ∈ Kω0 such that U(y1) = x1 and U(y2) = x2, that is,
xi = lim
n→∞u(tn,ω0, yi), i = 1,2. (3.2)
As U(x1) = U(x2), we can fix n0 such that d(u(tn0 ,ω0, x1), u(tn0 ,ω0, x2)) < δ(ε). Moreover,
from (3.2) and the continuity of the flow we can find n1 such that
d
(
u(tn0 + tn1 ,ω0, y1), u(tn0 + tn1,ω0, y2)
)
= d(u(tn0 ,ω0 · tn1 , u(tn1 ,ω0, y1)), u(tn0 ,ω0 · tn1 , u(tn1 ,ω0, y2)))< δ(ε).
Thus, from the uniform stability we deduce that d(u(t,ω0, y1), u(t,ω0, y2))  ε for each t 
tn0 + tn1 . Finally, (3.2) implies that d(x1, x2) ε, as we wanted to see.
Next, let us check that any two distinct points (ω0, x1), (ω0, x2) ∈ K form a distal pair. Let us
consider
zi = U(xi) = lim
n→∞u(tn,ω0, xi), i = 1,2. (3.3)
It is clear that (ω0, z1), (ω0, z2) ∈ K and z1 = z2 because U is injective. We take 0 < ε <
d(z1, z2) and let δ(ε) be, as above, the modulus of uniform stability of K . Let us assume
for contradiction that inft∈R d(u(t,ω0, x1), u(t,ω0, x2)) = 0. Thus, there is a t0 ∈ R such that
d(u(t0,ω0, x1), u(t0,ω0, x2)) < δ(ε). By the uniform stability we deduce that d(u(t,ω0, x1),
u(t,ω0, x2)) ε for each t  t0, and (3.3) yields to d(z1, z2) ε, a contradiction.
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build a homeomorphism between the sections Kω0 and Kω1 . To do so, we take sm ↑ ∞ with
limm→∞ ω0 · sm = ω1 and for each m ∈ N we define
Vm :Kω0 → KX,
x → u(sm,ω0, x).
As before, there is a subsequence (let us assume for simplicity the whole sequence) which con-
verges uniformly on Kω0 to a continuous map V = limm→∞ Vm. We claim that V :Kω0 → Kω1
is a bijective map. We have just seen that any two distinct points with fiber in Kω0 form a distal
pair. Thus, V (x1) = V (x2) whenever x1 = x2, and V is an injective map.
Next we show that V is a surjective map, that is, V (Kω0) = Kω1 . As the set V (Kω0) is
closed, it is enough to check that, given z1 ∈ Kω1 and ε > 0, there exists z∗1 ∈ V (Kω0) such
that d(z1, z∗1) ε.
We take rn ↓ −∞ with limn→∞ ω1 · rn = ω0. Since limm→∞ Vm(Kω0) = V (Kω0), we deduce
that limm→∞ τsm({ω0} × Kω0) = {ω1} × V (Kω0). Thus, for each n ∈ N, from the continuity of
τrn we can find mn ∈ N with mn  n such that
(d × ρ)(τrn({ω1} × V (Kω0)), τrn+smn ({ω0} ×Kω0))< 1n, (3.4)
where d denotes the metric in Ω and ρ the Hausdorff metric in Pc(KX). Now, since ω0 is
a continuity point of the section map (3.1) and limn→∞ ω0 · (rn + smn) = ω0 we deduce that
limn→∞ Kω0·(rn+smn ) = Kω0 in the Hausdorff metric. Analogously, from limn→∞ ω1 · rn = ω0,
we have that limn→∞ Kω1·rn = Kω0 . Thus, limn→∞ Kω1·rn = limn→∞ Kω0·(rn+smn ) and (3.4)
yields to
lim
n→∞(d × ρ)
(
τrn
({ω1} × V (Kω0)), τrn({ω1} ×Kω1))= 0.
Therefore, given the modulus of uniform stability δ(ε) > 0, we can find n0 and z∗1 ∈ V (Kω0)
such that
d
(
u(rn0 ,ω1, z1), u
(
rn0 ,ω1, z
∗
1
))
< δ(ε),
and, since rn0 < 0, the uniform stability provides d(z1, z∗1) ε, as claimed.
We can already show the fiber distallity for a pair of distinct points (ω1, y1), (ω1, y2) ∈ K . Let
us assume for contradiction that
inf
t∈Rd
(
u(t,ω1, y1), u(t,ω1, y2)
)= 0. (3.5)
Since V is onto, there are x1, x2 ∈ Kω0 such that
yi = V (xi) = lim
n→∞u(sn,ω0, xi), i = 1,2. (3.6)
Moreover, since (ω0, x1), (ω0, x2) ∈ K form a distal pair, let
δ = inf d(u(t,ω0, x1), u(t,ω0, x2))> 0. (3.7)t∈R
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continuity of the flow yield to the existence of n0 such that
d
(
u
(
t0,ω0 · sn0 , u(sn0 ,ω0, x1)
)
, u
(
t0,ω0 · sn0 , u(sn0 ,ω0, x2)
))
= d(u(t0 + sn0 ,ω0, x1), u(t0 + sn0 ,ω0, x2))< δ,
which contradicts (3.7). With this, the flow on K is fiber distal.
We now study the stability when t → −∞. We first check that the negative semiorbits
{τ(s,ω0, x) | s  0} of K are uniformly stable at −∞ within K , uniformly in x ∈ Kω0 . Let
us fix ε > 0. Maintaining the notation used in the beginning of the proof, limn→∞(ω0 · tn,
u(tn,ω0,U−1(x))) = (ω0, x) for each (ω0, x) ∈ K . Therefore, for any fixed s  0,
u(s,ω0, x) = lim
n→∞u
(
tn + s,ω0,U−1(x)
)
.
For the modulus of uniform stability δ(ε) > 0, the uniform continuity of U−1 provides μ(ε) > 0
such that, if x1, x2 ∈ Kω0 satisfy d(x1, x2) μ(ε), then d(U−1(x1),U−1(x2)) < δ(ε). Therefore,
for each n ∈ N such that tn + s  0, by the uniform stability at +∞,
d
(
u
(
tn + s,ω0,U−1(x1)
)
, u
(
tn + s,ω0,U−1(x2)
))
 ε
and hence, taking limits, d(u(s,ω0, x1), u(s,ω0, x2)) ε for each s  0. Finally, we take δ∗(ε) =
δ(μ(ε)) > 0 and check that, if (ω0, x1), (ω0, x2) ∈ K and d(u(s0,ω0, x1), u(s0,ω0, x2)) δ∗(ε)
for some s0  0, then d(x1, x2) μ(ε), and thus d(u(s,ω0, x1), u(s,ω0, x2)) ε for each s  0
(and in particular, for each s  s0), which proves the claim.
Now, consider any other ω1 ∈ Ω and fix a sequence sn ↓ −∞ with ω0 · sn → ω1. Then,
by the negative uniform stability starting at Kω0 , and taking a subsequence if necessary,
we can assert that W(x) = limn→∞ u(sn,ω0, x) (uniformly for x ∈ Kω0 ) defines a continu-
ous map W :Kω0 → Kω1 , which can be seen to be bijective just arguing as before for V .
Now, take (ω1, y1), (ω1, y2) ∈ K such that d(y1, y2) < δ∗(ε). As W is onto, there exists
xi ∈ Kω0 such that yi = W(xi) = limn→∞ u(sn,ω0, xi), for i = 1,2. Then, for sufficiently
large n0, d(u(sn0 ,ω0, x1), u(sn0 ,ω0, x2)) < δ∗(ε), and, as we have seen before, this implies that
d(u(t,ω0, x1), u(t,ω0, x2)) ε for any t  0. Now, for each s  0, putting t = s + sn and taking
limits as n → ∞, we get that d(u(s,ω1, y1), u(s,ω1, y2))  ε. In all, we have proved negative
uniform stability within K .
Finally, we prove that the section map is continuous on the whole Ω . So, let us fix an ω ∈ Ω
and a sequence {ωn} ⊂ Ω such that ωn → ω. Let us also consider a fixed ω0 ∈ Ω0. Just as
we saw above, for each n ∈ N we can choose a sequence snm ↑ ∞ with limm→∞ ω0 · snm = ωn
and such that Vn(x) = limm→∞ u(snm,ω0, x) (uniformly for x ∈ Kω0 ) defines a homeomorphism
Vn :Kω0 → Kωn . From this, it is easy to check that for each n we can take tn = snm for sufficiently
large m so that
tn ↑ ∞, ω0 · tn → ω and ρ(Kω0·tn ,Kωn) <
1
n
.
Taking a subsequence of tn if necessary, again by means of the corresponding homeomorphism
V :Kω0 → Kω , we can deduce that ρ(Kω0·tnj ,Kω) → 0. Altogether, limj→∞ ρ(Kωnj ,Kω) = 0
and the section map is continuous at ω, as we claimed. 
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the existence of backward extensions of semiorbits.
Theorem 3.4. Let K ⊂ Ω × X be a compact positively invariant set such that every point of K
admits a backward orbit. If the semiflow (K, τ,R+) is uniformly stable, then it admits a flow
extension which is fiber distal and uniformly stable as t → −∞. Besides, the section map for K ,
ω ∈ Ω → Kω ∈Pc(KX), is continuous at every ω ∈ Ω .
Proof. We introduce the lifting flow associated to the semiflow (K, τ,R+) (see [13] and the ref-
erences therein). Since every point of K admits a backward orbit, hence an entire orbit (although
not necessarily unique), we consider K̂ the set of entire orbits of (K, τ,R+), that is,
K̂ = {φ ∈ C(R,K) ∣∣ τ(t, φ(s))= φ(t + s), t  0, s ∈ R}.
Note that, if φ ∈ K̂ , we have that φ(t) = (ω · t, u(t,ω, x)) for each t  0, where φ(0) =
(ω, x) ∈ K . The set K̂ is compact with respect to the compact-open topology on C(R,K), which
is metrizable. A metric can be defined as follows: for any φ, ψ ∈ K̂ ,
dˆ(φ,ψ) =
∞∑
n=1
dn(φ,ψ)
2n
(3.8)
where dn(φ,ψ) = max−nsn(d × d)(φ(s),ψ(s)). For each φ ∈ K̂ and t ∈ R, the translated
orbit φt (s) = φ(t + s), s ∈ R, also belongs to K̂ . Therefore, the map
τˆ :R × K̂ → K̂,
(t, φ) → φt
defines a flow (K̂, τˆ ,R), called the lifting flow associated to (K, τ,R+), which is isomorphic
to a skew-product flow as K̂  {(ω,φ) | φ ∈ K̂ , φ(0) = (ω, x)} ⊂ Ω × K̂ . For simplicity of
notation we do not repeat the first component, and sometimes we will refer to (K̂, τˆ ,R) as the
corresponding skew-product flow.
Next we show that (K̂, τˆ ,R) is uniformly stable as t → ∞. First note that since K is a
compact set, given ε > 0 there is an n0  1 such that for each φ,ψ ∈ K̂
∞∑
n=n0+1
dn(φ,ψ)
2n
 ε
2
. (3.9)
Then, we take δˆ(ε) = δ(ε/2)/2n0 where δ(ε/2) is the modulus of uniform stability of K corre-
sponding to ε/2.
Let φ,ψ ∈ K̂ with φ(0) = (ω, x1), ψ(0) = (ω, x2) and dˆ(φr ,ψr) < δˆ(ε) for some r  0. We
claim that dˆ(φt ,ψt ) ε for each t  r . From (3.8) and (3.9) it is enough to check that for each
t  r ,
n0∑ dn(φt ,ψt )
2n
 ε
2
.n=1
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dn(φr ,ψr)
2n
 dˆ(φr ,φr) < δˆ(ε) = δ(ε/2)2n0 ,
and consequently dn(φr ,ψr) = max−nsn(d × d)(φ(r + s),ψ(r + s))  δ(ε/2). Thus,
(d × d)(φ(r + s),ψ(r + s)) δ(ε/2) and the uniform stability in K yields to
(d × d)(φ(t + s),ψ(t + s)) ε
2
for each t  r , that is, dn(φt ,ψt ) ε/2 for each t  r and n n0, which proves our claim and
shows the uniform stability as t → ∞ of K̂ . From Theorem 3.3 we deduce that the skew-product
flow isomorphic to (K̂, τˆ ,R) is fiber distal.
Finally, to show that the semiflow (K, τ,R+) admits a flow extension it is enough to check
that each point of K admits a unique backward orbit, or equivalently that the continuous, onto
and semiflow preserving map
πˆ : K̂ → K,
φ → φ(0)
is injective. Let φ,ψ ∈ K̂ with φ(0) = ψ(0) = (ω, x) ∈ K . Then φ(t) = ψ(t) = (ω · t, u(t,ω, x))
for each t  0. Consequently, dn(φt ,ψt ) = 0 whenever t  n and denoting by [t] ∈ N the integer
part of t , we deduce that there is a positive constant c1  0 such that
dˆ(φt ,ψt ) =
∞∑
n=[t]
dn(φt ,ψt )
2n
 c1
2[t]
,
which tends to 0 as t → ∞. Then, inft0{dˆ(φt ,ψt )} = 0 and the fiber distallity shows that φ = ψ .
Thus, (K, τ,R+) admits a flow extension, which is also fiber distal because of Theorem 3.3.
Also the continuity of the section map at every point follows from this theorem. The proof is
finished. 
We can now easily state the theorem on the structure of uniformly asymptotically stable sets
admitting backward semiorbits. We prove that these sets K are N -covers of the base flow, that is,
maintaining the notation introduced for the section map (3.1), card(Kω) = N for every ω ∈ Ω .
Without distallity on the base flow, we combine Theorem 3.4 with previous ideas by Sacker–
Sell [11].
Theorem 3.5. Consider a compact positively invariant set K ⊂ Ω × X for the skew-product
semiflow (2.1) and assume that every semiorbit in K admits a backward extension. If (K, τ,R+)
is uniformly asymptotically stable, then it is an N -cover of the base flow (Ω,σ,R).
Proof. By Theorem 3.4 we know that K admits a flow extension which is fiber distal. Let
us fix any ω ∈ Ω and let us check that card(Kω) must be finite. Suppose for contradiction
that it is infinite. Then, we can take a sequence of pairwise distinct elements {xn} ⊂ Kω
such that limn→∞ xn = x0 ∈ Kω. Let δ0 > 0 be the positive radius of attraction for K given
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limt→∞ d(u(t,ω, xn), u(t,ω, x0)) = 0, in contradiction with the fiber distallity of K . Therefore,
there is a finite N such that card(Kω) = N .
Finally, it suffices to apply a classical result by Sacker–Sell (see Theorem 3 in [11]) or just the
continuity of the section map proved in Theorem 3.4 to conclude that it must be card(Kω) = N
for all ω ∈ Ω , as we claimed. 
As a consequence, we extend old results by Miller [7] and Sacker–Sell [11] on the structure
of omega-limit sets with an almost periodic minimal base flow, to the case of a non-distal base
flow.
Proposition 3.6. Let {τ(t, ω˜, x˜) | t  0} be a forward orbit of the skew-product semiflow (2.1)
which is relatively compact and let K˜ denote the omega-limit set of (ω˜, x˜). The following state-
ments hold:
(i) If K˜ contains a minimal set K which is uniformly stable, then K˜ = K and it admits a fiber
distal flow extension.
(ii) If the semiorbit is uniformly stable, then the omega-limit set K˜ is a uniformly stable minimal
set which admits a fiber distal flow extension.
(iii) If the semiorbit is uniformly asymptotically stable, then the omega-limit set K˜ is a uniformly
asymptotically stable minimal set which is an N -cover of the base flow.
Proof. (i) We just need to show that K˜ ⊆ K . So, take an element (ω, x) ∈ K˜ and let us prove
that (ω, x) ∈ K . As K is in particular closed, it suffices to see that for any fixed ε > 0 there exists
(ω, x∗) ∈ K such that d(x, x∗) ε. Let δ(ε) > 0 be the modulus of uniform stability for K .
First of all, there exists sn ↑ ∞ such that limn→∞(ω˜ · sn, u(sn, ω˜, x˜)) = (ω, x). Now, take a
pair (ω, x0) ∈ K ⊆ K˜ . Then, there exists a sequence tn ↑ ∞ such that
(ω, x0) = lim
t→∞
(
ω˜ · tn, u(tn, ω˜, x˜)
)
.
As it is well known, in omega-limit sets and in minimal sets there always exist backward con-
tinuations of semiorbits. Then, we can apply Theorem 3.4 to K so that the section map (3.1)
turns out to be continuous at any point. As ω˜ · tn → ω, we deduce that Kω˜·tn → Kω in the Haus-
dorff metric. Then, for x0 ∈ Kω there exists a sequence xn ∈ Kω˜·tn , n  1, such that xn → x0
as n → ∞. Altogether, there exists n0 ∈ N such that d(u(tn0 , ω˜, x˜), xn0) < δ(ε). By the uniform
stability,
d
(
u(t + tn0 , ω˜, x˜), u(t, ω˜ · tn0 , xn0)
)
 ε for all t  0.
In particular, if n1 is such that sn − tn0  0 for n n1, we obtain that
d
(
u(sn, ω˜, x˜), u(sn − tn0, ω˜ · tn0 , xn0)
)
 ε for all n n1. (3.10)
Now, it remains to notice that, as (ω˜ · tn0 , xn0) ∈ K , also τ(sn − tn0, ω˜ · tn0, xn0) = (ω˜ · sn,
u(sn − tn0 , ω˜ · tn0 , xn0)) ∈ K for all n  n1. Therefore, there is a convergent subsequence to-
wards a pair (ω, x∗) ∈ K , and taking limits in (3.10), we deduce that d(x, x∗) ε, as we wanted.
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a straightforward consequence of (i). For the fiber distal flow extension one just needs to apply
Theorem 3.4.
(iii) It follows from previous comments as well as from Theorem 3.5. 
Remark 3.7. Notice that the stability and extensibility results obtained in this section allow us
to extend many of the results of Shen–Yi [13] and Jiang–Zhao [6], proved with distallity on the
base, to the case of just a minimal base flow.
4. Monotone functional differential equations with infinite delay
Throughout this section we will pay special attention to the case of a monotone skew-product
semiflow determined by a family of functional differential equations with infinite delay. The
techniques of the previous section allow us to prove results concerning the existence of almost
periodic and almost automorphic solutions when the compact-open topology is used. We extend
to this setting results of Novo et al. [8] ensuring the presence of almost automorphic dynamics
from the existence of a semicontinuous semi-equilibrium.
Let (Ω,σ,R) be a minimal flow over a compact metric space (Ω,d) and denote σ(t,ω) =
ω · t for each ω ∈ Ω and t ∈ R. In Rm we take the maximum norm ‖v‖ = maxj=1,...,m |vj | and
the usual partial order relation
v w ⇐⇒ vj wj for j = 1, . . . ,m,
v < w ⇐⇒ v w and vj < wj for some j ∈ {1, . . . ,m}.
We consider the Fréchet space X = C((−∞,0],Rm) endowed with the compact-open topology,
i.e. the topology of uniform convergence over compact subsets, which is a metric space for the
distance
d(x, y) =
∞∑
n=1
1
2n
‖x − y‖n
1 + ‖x − y‖n , x, y ∈ X,
where ‖x‖n = sups∈[−n,0] ‖x(s)‖. The subset
X+ =
{
x ∈ X ∣∣ x(s) 0 for each s ∈ (−∞,0]}
is a positive cone in X, because it is a nonempty closed subset X+ ⊂ X satisfying X+ + X+ ⊂
X+, R+X+ ⊂ X+ and X+ ∩ (−X+) = {0}. Besides, it is normal and has an empty interior. As
usual, a partial order relation in X is induced, given by
x  y ⇐⇒ x(s) y(s) for each s ∈ (−∞,0],
x < y ⇐⇒ x  y and x = y.
Let BU ⊂ X be the Banach space
BU = {x ∈ X | x is bounded and uniformly continuous}
636 S. Novo et al. / J. Differential Equations 235 (2007) 623–646with the supremum norm ‖x‖∞ = sups∈(−∞,0] ‖x(s)‖. Given r > 0 we will denote
Br =
{
x ∈ BU ∣∣ ‖x‖∞  r}.
As usual, given I = (−∞, a] ⊂ R, t ∈ I , and a continuous function z : I → Rm, zt will denote
the element of X defined by zt (s) = z(t + s) for s ∈ (−∞,0]. We consider the family of non-
autonomous infinite delay functional differential equations
z′(t) = F(ω · t, zt ), t  0, ω ∈ Ω, (4.1)ω
defined by a function F :Ω × BU → Rm, (ω, x) → F(ω,x) satisfying the following conditions:
(H1) F is continuous on Ω × BU and locally Lipschitzian in x for the norm ‖ · ‖∞.
(H2) For each r > 0, F(Ω ×Br) is a bounded subset of Rm.
(H3) For each r > 0, F :Ω × Br → Rm is continuous when we take the restriction of the
compact-open topology to Br , i.e. if ωn → ω and xn d→ x as n → ∞ with x ∈ Br , then
limn→∞ F(ωn, xn) = F(ω,x).
(H4) If x, y ∈ BU with x  y and xj (0) = yj (0) holds for some j ∈ {1, . . . ,m}, then Fj (ω,x)
Fj (ω,y) for each ω ∈ Ω .
From Hypothesis (H1), the standard theory of infinite delay functional differential equations
(see Hino et al. [5]) assures that for each x ∈ BU and each ω ∈ Ω the system (4.1)ω locally admits
a unique solution z(t,ω, x) with initial value x, i.e. z(s,ω, x) = x(s) for each s ∈ (−∞,0].
Therefore, the family (4.1)ω induces a local skew-product semiflow
τ :R+ ×Ω × BU → Ω × BU,
(t,ω, x) → (ω · t, u(t,ω, x)), (4.2)
where u(t,ω, x) ∈ BU and u(t,ω, x)(s) = z(t + s,ω, x) for s ∈ (−∞,0].
From Hypotheses (H1) and (H2), each bounded solution z(t,ω0, x0) provides a relatively
compact trajectory as shown in the next result.
Proposition 4.1. Let z(t,ω0, x0) be a bounded solution of Eq. (4.1)ω0 , that is, r =
supt∈R ‖z(t,ω0, x0)‖ < ∞. Then, the closureX{u(t,ω0, x0) | t  0} is a compact subset of BU
for the compact-open topology.
Proof. Consider the set F = {u(t,ω0, x0) | t  0} ⊂ BU ⊂ X, with the compact-open topology.
According to Theorem 8.1.4. in Hino et al. [5], F is relatively compact in X if, and only if, for
every s ∈ (−∞,0] F is equicontinuous at s and F(s) = {u(t,ω0, x0)(s) | t  0} is relatively
compact in Rm.
The second condition holds, as ‖u(t,ω0, x0)(s)‖ = ‖z(t + s,ω0, x0)‖  r for any t  0
and s  0, i.e. F ⊂ Br . As for the equicontinuity, fix ε > 0. Let δ1 > 0 be such that, if
s, s′ ∈ (−∞,0] with |s − s′| < δ1, ‖x0(s)− x0(s′)‖ ε/2, and let δ2 = ε/(2 c), for the constant
c = sup{‖F(ω,x)‖ | (ω, x) ∈ Ω × Br} < ∞, thanks to (H2). Then, if we take s, s1 ∈ (−∞,0]
with |s − s1| < δ = min(δ1, δ2) and s  s1 (the case s1  s is analogous), we have that
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
⎧⎨
⎩
‖x0(t + s)− x0(t + s1)‖ ε2 if t + s, t + s1  0;
c|s − s1| ε2 if t + s, t + s1  0;
‖x0(t + s)− x0(0)‖ + ‖x0(0)− z(t + s1,ω0, x0)‖ ε if s −t  s1.
Notice that the second case holds from the mean value theorem and (H2), and in the last case
we have combined the application of the mean value theorem and the uniform continuity of the
initial function x0. With this, we have actually proved that F is uniformly equicontinuous on
(−∞,0].
To finish, we have to prove that the limit points of F remain inside BU. Obviously for
any limit point v, ‖v‖∞  r , and we only have to check uniform continuity. So, assume that
for some sequence {tn} ⊂ R+, u(tn,ω0, x0) d→ v. If {tn} is bounded and we suppose with-
out loss of generality that tn → t0 as n → ∞, then, by continuity of the solution, it must be
v = u(t0,ω0, x0) ∈ BU. If {tn} is not bounded and again without loss of generality we put that
tn → ∞ as n → ∞, we easily get that v is Lipschitzian with the former Lipschitz constant c, and
we are done. 
From Hypotheses (H1)–(H3) we can deduce the continuity of the semiflow restricted to some
compact subsets K ⊂ Ω × BU when the compact-open topology is considered in BU.
Proposition 4.2. Let {(ωn, xn)} ⊂ Ω × BR for some R > 0 be such that ωn → ω and xn d→ x
for (ω, x) ∈ Ω × BR . If sup{‖z(s,ωn, xn)‖ | s ∈ [0, t], n  1}  R for some t > 0, then
u(t,ωn, xn)
d→ u(t,ω, x).
Proof. If s  −t , u(t,ωn, xn)(s) − u(t,ω, x)(s) = xn(t + s) − x(t + s), and xn d→ x. Thus, it
suffices to show that u(t,ωn, xn)(s) → u(t,ω, x)(s) uniformly for s ∈ [−t,0] or, equivalently,
z(s,ωn, xn) → z(s,ω, x) uniformly for s ∈ [0, t].
The set F = {z(·,ωn, xn)|[0,t] | n  1} ⊂ (C([0, t],Rm),‖ · ‖∞) is uniformly bounded by
hypothesis. It is uniformly equicontinuous, because of the mean value theorem and (H2). Then,
by Arzelà–Ascoli theorem, F is relatively compact. We just need to prove that z(·,ω, x)|[0,t] is
its only limit point. So, assume for simplicity that z(s,ωn, xn) → v(s) uniformly on [0, t]. We
extend the function v with continuity to all (−∞, t] by defining v(s) = x(s) for any s  0. Then,
it trivially holds that u(s,ωn, xn)
d→ vs and vs ∈ BR for every s ∈ [0, t]. Now, for each n  1,
integrating in the equation it satisfies, we have that for any s ∈ [0, t],
z(s,ωn, xn) = xn(0)+
s∫
0
F
(
ωn · r, u(r,ωn, xn)
)
dr.
Because of (H2) we can apply Lebesgue convergence theorem, and because of the continuity of
the flow on Ω and (H3), when we take limits we obtain that for every s ∈ [0, t],
v(s) = x(0)+
s∫
F(ω · r, vr ) dr.0
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every s ∈ [0, t], as we wanted to see. 
Corollary 4.3. Let K ⊂ Ω × BU be a compact set for the product metric topology and assume
that there is an r > 0 such that τt (K) ⊂ Ω ×Br for all t  0. Then the map
τ :R+ ×K → Ω × BU,
(t,ω, x) → (ω · t, u(t,ω, x)),
is continuous when the product metric topology is considered.
Proof. The continuity of τ in the variables (t,ω) is guaranteed by Hypothesis (H1) and the
continuity in the variable x is derived from the previous proposition. 
From Proposition 4.1, when z(t,ω0, x0) is bounded we can define the omega-limit set of the
trajectory of the point (ω0, x0) as
O(ω0, x0) =
{
(ω, x) ∈ Ω × BU ∣∣ ∃tn ↑ ∞ with ω0 · tn → ω, u(tn,ω0, x0) d→ x}.
Notice that the omega-limit set of a pair (ω0, x0) ∈ Ω × BU makes sense whenever the
closureX{u(t,ω0, x0) | t  0} is compact, because then, as mentioned in the proof of Proposi-
tion 4.1, the set {u(t,ω0, x0)(0) = z(t,ω0, x0) | t  0} is bounded.
Proposition 4.4. Let (ω0, x0) ∈ Ω × BU be such that supt0 ‖z(t,ω0, x0)‖ < ∞. Then K =
O(ω0, x0) is a positively invariant compact subset admitting a flow extension.
Proof. Let r = supt∈R ‖z(t,ω0, x0)‖<∞. From Proposition 4.1 we know that K =O(ω0, x0) ⊂
Ω × Br is a compact set for the product metric topology. Fix a positive t > 0 and let us check
that τt (K) ⊂ K ⊂ Ω ×Br . Take (ω, x) ∈ K ; then, there exists tn ↑ ∞ such that ω0 · tn → ω and
u(tn,ω0, x0)
d→ x as n → ∞. By Proposition 4.2 applied to the sequence {(ω0 · tn, u(tn,ω0, x0))},
we obtain that u(t,ω0 · tn, u(tn,ω0, x0)) = u(tn + t,ω0, x0) d→ u(t,ω, x), so that τt (ω, x) ∈ K
and we are done.
Once we have proved that K ⊂ Ω ×Br is positively invariant, from Corollary 4.3 we deduce
that the semiflow τ is continuous on R+ ×K when the product metric topology is taken in K . To
see that the semiflow over K admits a flow extension, from Theorem 2.3 (part II) of Shen–Yi [13]
it suffices to show that every point in K admits a unique backward orbit which remains inside
the set K . It is quite well known that any (ω, x) ∈ K admits a backward orbit in K , as shown
also in [13]. Hence, let us check the uniqueness. Let (ω, x) ∈ K and {(ω · s, u(s,ω, x)) | s  0}
be a backward orbit. We claim that u(s,ω, x) = xs for each s  0. We fix s  0 and denote
u(s,ω, x) = y. Since u(−s,ω · s, y) = x we deduce that for each r ∈ (−∞,0],
x(r) = u(−s,ω · s, y)(r) =
{
z(r − s,ω · s, y) if r − s  0,
y(r − s) if r − s  0.
Hence y(r) = x(r + s), i.e. y = xs , which finishes the proof. 
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which is completely analogous to the one given in Theorem 2.6 of Wu [17] or Theorem 5.1.1 of
Smith [15].
Proposition 4.5. For each ω ∈ Ω and x, y ∈ BU such that x  y it holds that
u(t,ω, x) u(t,ω, y)
whenever they are defined.
A dynamical interpretation of the concept of a super/sub-equilibrium appeared in Arnold–
Chueshov [1,2] in a measurable setting and in Novo et al. [8] in a topological framework.
Although other approaches are possible, in the present situation it is natural to assume that the
range of a super/sub-equilibrium is the set BU.
Definition 4.6. A map a :Ω → BU such that u(t,ω, a(ω)) is defined for any ω ∈ Ω , t  0 is
(a) an equilibrium if a(ω · t) = u(t,ω, a(ω)) for any ω ∈ Ω and t  0,
(b) a super-equilibrium if a(ω · t) u(t,ω, a(ω)) for any ω ∈ Ω and t  0, and
(c) a sub-equilibrium if a(ω · t) u(t,ω, a(ω)) for any ω ∈ Ω and t  0.
We will call semi-equilibrium to either a super or a sub-equilibrium.
Definition 4.7. A super-equilibrium (respectively sub-equilibrium) a :Ω → BU is semicontinu-
ous if the following properties hold:
(1) Γa = closureX{a(ω) | ω ∈ Ω} is a compact subset of X for the compact-open topology, and
(2) Ca = {(ω, x) | x  a(ω)} (respectively Ca = {(ω, x) | x  a(ω)}) is a closed subset of Ω×X
for the product metric topology.
An equilibrium is semicontinuous in any of these cases.
A semicontinuous semi-equilibrium does always have a residual subset of continuity points,
as it is derived from the next result.
Proposition 4.8. Let a :Ω → BU be a map satisfying (1) and (2) in Definition 4.7. Then, it is
continuous over a residual subset Ω0 ⊂ Ω .
Proof. Let Pc(Γa) be the set of closed subsets of Γa with the Hausdorff metric. The map
A :Ω → Pc(Γa), ω → {x ∈ Γa | x  a(ω)} (respectively ω → {x ∈ Γa | x  a(ω)}) is upper
semicontinuous, as it is proved in Proposition 3.4 in [8]. As we have already mentioned be-
fore, then there is a residual set Ω0 ⊂ Ω of continuity points for A (see [3]). Now fix ω0 ∈ Ω0
and take a sequence {ωn} ⊂ Ω with ωn → ω0. To see that a(ωn) d→ a(ω0), it suffices to check
that a(ω0) is the only limit point for the sequence {a(ωn)} ⊂ Γa . Assume for simplicity that
a(ωn)
d→ z ∈ Γa . Because of Hypothesis (2) we get that z a(ω0) (respectively z a(ω0)). On
the other hand, as A(ωn) → A(ω0) in the Hausdorff metric and a(ω0) ∈ A(ω0), for each n 1
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a(ω0)  z). Altogether, it must be z = a(ω0), and therefore ω0 is a point of continuity also for
the map a. 
A semicontinuous semi-equilibrium provides a minimal set which is an almost automorphic
extension of the base if a relatively compact trajectory exists.
Proposition 4.9. Let a :Ω → BU be a semicontinuous semi-equilibrium and assume that there is
an ω0 ∈ Ω such that closureX{u(t,ω0, a(ω0)) | t  0} is a compact subset of X for the compact-
open topology. Then:
(i) The omega-limit set O(ω0, a(ω0)) contains a unique minimal set which is an almost auto-
morphic extension of the base flow.
(ii) If the orbit {τ(t,ω0, a(ω0)) | t  0} is uniformly stable, then O(ω0, a(ω0)) is a copy of the
base.
Proof. We work in the case that a is a super-equilibrium, the proof being completely analogous
in the case of a sub-equilibrium. Denote K = O(ω0, a(ω0)) and let (ω, x) ∈ K , i.e. for some
sn ↑ ∞, ω0 · sn → ω and u(sn,ω0, a(ω0)) d→ x. Since Ca = {(ω˜, x˜) | x˜  a(ω˜)} is closed and
u(sn,ω0, a(ω0)) a(ω0 · sn), we deduce that x  a(ω). Moreover, as shown in Proposition 4.4,
K admits a flow extension.
The proof of (i) is done in Proposition 3.4 (part II) of [13] for a strongly monotone skew-
product semiflow in a Banach space. A slight modification valid for our case is included here
for completeness. From Lemma 3.2 there exists a residual set Ω0 ⊆ Ω of continuity points
for the section map (3.1) associated to K . Let ω ∈ Ω0 and take (ω, x), (ω, y) ∈ K . Thus,
ω0 · sn → ω, u(sn,ω0, a(ω0)) d→ x for some sn ↑ ∞. Besides, since limn→∞ Kω0·sn = Kω and
y ∈ Kω there are points (ω0 · sn, xn) ∈ K such that limn→∞ xn = y. In addition, since K admits
a flow extension, each xn = u(sn,ω0, yn) for some (ω0, yn) ∈ K . Therefore, yn  a(ω0) and the
monotone character of the semiflow yields to
xn = u(sn,ω0, yn) u
(
sn,ω0, a(ω0)
)
,
which as n → ∞ provides y  x. Analogously, we show that x  y, that is, y = x and
card(Kω) = 1 for each ω ∈ Ω0. Notice that the same argument implies that there can only be
one minimal set inside O(ω0, a(ω0)), so that (i) is proved. Notice that only (2) of Definition 4.7
has been used.
(ii) If the trajectory {τ(t,ω0, a(ω0)) | t  0} is uniformly stable, from Proposition 3.6 we
deduce that K =O(ω0, a(ω0)) is a uniformly stable minimal set which admits a fiber distal flow
extension and, as shown in Theorem 3.3 the section map for K is continuous at every ω ∈ Ω ,
that is Ω0 = Ω . Hence, from (i) card(Kω) = 1 for all ω ∈ Ω , i.e. K is a copy of the base, as we
claimed. 
In a Banach space, every semicontinuous semi-equilibrium which satisfies some supple-
mentary and somehow natural compactness conditions (see Hypothesis 3.5 of [8]) provides a
semicontinuous equilibrium. Before adapting this result to our setting, we state some equivalent
statements to that hypothesis.
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supω∈Ω ‖a(ω)‖∞ < ∞ and Γa ⊂ BU. The following statements are equivalent:
(i) Γ = closureX{u(t,ω, a(ω)) | t  0,ω ∈ Ω} is a compact subset of BU for the compact-
open topology.
(ii) For each ω ∈ Ω , the closureX{u(t,ω, a(ω)) | t  0} is a compact subset of BU for the
compact-open topology.
(iii) There is an ω0 ∈ Ω such that the closureX{u(t,ω0, a(ω0)) | t  0} is a compact subset of
BU for the compact-open topology.
Proof. (i) ⇒ (ii) ⇒ (iii) are immediate.
(iii) ⇒ (i) We work again in the case that a is a super-equilibrium, the proof being completely
analogous in the case of a sub-equilibrium. Let the omega-limit set K =O(ω0, a(ω0)) ⊂ Ω ×Br
for some r > 0. For any (ω, y) ∈ K , as shown in the proof of Proposition 4.9, y  a(ω). Hence,
the monotone character of the semiflow and again the fact that a is a super-equilibrium show that
for any t  0,
u(t,ω, y) u
(
t,ω, a(ω)
)
 a(ω · t),
from which we deduce that the set F = {u(t,ω, a(ω)) | t  0, ω ∈ Ω} is uniformly bounded,
i.e. there is an r1 > 0 such that ‖u(t,ω, a(ω))‖∞  r1 for each t  0 and ω ∈ Ω .
To see that F is relatively compact in X we argue as in Proposition 4.1. We just remark that
the compactness of Γa = closureX{a(ω) | ω ∈ Ω} implies the equicontinuity of {a(ω) | ω ∈ Ω}
at each s ∈ (−∞,0]. Again with the same argument used in Proposition 4.1 we show that the
limit points of F are in BU. For this we need to apply the continuity of the semiflow as shown in
Proposition 4.2. 
Theorem 4.11. Let us assume the existence of a semicontinuous semi-equilibrium a :Ω → BU
satisfying supω∈Ω ‖a(ω)‖∞ < ∞, Γa ⊂ BU and one of the equivalent statements of Proposi-
tion 4.10. Then,
(i) there exists a semicontinuous equilibrium c :Ω → BU with c(ω) ∈ Γ for any ω ∈ Ω .
(ii) Let ω1 be a continuity point for c. Then, the restriction of the semiflow τ to the minimal set
K∗ = closureΩ×X
{(
ω1 · t, c(ω1 · t)
) ∣∣ t  0}⊂ Ca (4.3)
is an almost automorphic extension of the base flow (Ω,σ,R).
(iii) K∗ is the only minimal set contained in the omega-limit set O(ωˆ, a(ωˆ)) for each point
ωˆ ∈ Ω .
(iv) If there is a point ω˜ ∈ Ω such that the trajectory {τ(t, ω˜, a(ω˜)) | t  0} is uniformly stable,
then for each ωˆ ∈ Ω ,
O(ωˆ, a(ωˆ))= K∗ = {(ω,c(ω)) ∣∣ ω ∈ Ω},
i.e. it is a copy of the base determined by the equilibrium c of (i), which is a continuous
map.
Proof. We just consider the case when a is a super-equilibrium. The proofs of (i) and (ii) are the
same as those of Theorem 3.6 in [8]. We will just recall here the construction of the equilibrium
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as
as :Ω → BU, ω → u
(
s,ω · (−s), a(ω·(−s))), (4.4)
and the equilibrium c :Ω → BU as c(ω) = lims→∞ as(ω) = infs0 as(ω), which is semicontin-
uous and, by Proposition 4.8, has a residual set of continuity points. Moreover, K∗ω = {x ∈ X |
(ω, x) ∈ K∗} = {c(ω)} for each continuity point ω of c.
(iii) As in Proposition 4.9, since Ca = {(ω, x) | x  a(ω)} is closed we deduce that for each
(ω, x) ∈ K =O(ωˆ, a(ωˆ)) we have x  a(ω). Let ω be a continuity point of c and (ω, x) ∈ K ,
and let tn ↑ ∞ be a sequence such that
ωˆ · tn → ω and u
(
tn, ωˆ, a(ωˆ)
) d→ x as n → ∞. (4.5)
We claim that x = c(ω). From Proposition 4.4 we know that K admits a flow extension, hence
(ω · (−s), u(−s,ω, x)) ∈ K and u(−s,ω, x) a(ω · (−s)). The monotone character of the semi-
flow shows that for each s  0,
x = u(s,ω · (−s), u(−s,ω, x)) u(s,ω · (−s), a(ω · (−s)))= as(ω),
which implies that x  lims→∞ as(ω) = c(ω). Moreover, c(ωˆ) a(ωˆ) and again the monotonic-
ity shows that for each n ∈ N,
c(ωˆ · tn) = u
(
tn, ωˆ, c(ωˆ)
)
 u
(
tn, ωˆ, a(ωˆ)
)
.
Finally, since ω is a continuity point of c, from (4.5) we deduce that c(ω) = limn→∞ c(ωˆ · tn) and
thus, c(ω) x, which completes our assertion. Therefore, (ω, c(ω)) ∈O(ωˆ, a(ωˆ)) ∩ K∗, which
implies that K∗ ⊂O(ωˆ, a(ωˆ)), as stated.
(iv) If the trajectory {τ(t, ω˜, a(ω˜)) | t  0} is uniformly stable, from (ii) of Proposi-
tion 4.9 we deduce that O(ω˜, a(ω˜)) is a uniformly stable copy of the base and consequently,
O(ω˜, a(ω˜)) = K∗. Hence, K∗ = {(ω, b(ω)) | ω ∈ Ω} for some continuous map b :Ω → BU.
Besides, as shown in (iii), K∗ ⊂O(ωˆ, a(ωˆ)) for each ωˆ ∈ Ω and since K∗ is uniformly stable,
(i) of Proposition 3.6 shows that O(ωˆ, a(ωˆ)) = K∗ for each ωˆ ∈ Ω .
To finish the proof we check that b(ω) = c(ω) for each ω ∈ Ω . Given ε > 0 let δ(ε) > 0 be
the modulus of uniform continuity of K∗, and let ω1 be one of the continuity points of c. We
know that b(ω1) = c(ω1). Moreover, since Ω is minimal there is a sequence sn ↓ −∞ such that
limn→∞ ω · sn = ω1. Hence,
lim
n→∞b(ω · sn) = limn→∞ c(ω · sn),
and there is an n0 such that d(b(ω · sn0), c(ω · sn0)) < δ(ε). Consequently,
d
(
u
(
t,ω · sn0 , b(ω · sn0)
)
, u
(
t,ω · sn0 , c(ω · sn0)
))
< ε
for each t  0, that is, d(b(ω · (sn0 + t)), c(ω · (sn0 + t))) < ε because both b and c are equi-
libria. Finally, taking t = −sn0 we conclude that d(b(ω), c(ω)) < ε and since ε is arbitrary,
b(ω) = c(ω), as claimed. 
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As in Section 4, we consider the family of non-autonomous infinite delay functional differ-
ential equations (4.1)ω, ω ∈ Ω , and the induced local skew-product semiflow (4.2). We provide
infinite delay versions for the main results of Jiang–Zhao in [6], again without the assumption of
distal flow on the base. The advantage of their approach was to avoid the assumption of strong
monotonicity, of special interest in the case of infinite delay where it never holds for the usual
order. In particular, we establish the 1-covering property of omega-limit sets when in addition
to Hypotheses (H1)–(H4) the componentwise separating property and uniform stability are as-
sumed:
(H5) If x, y ∈ BU with x  y and xi(0) < yi(0) holds for some i ∈ {1, . . . ,m}, then zi(t,ω, x) <
zi(t,ω, y) for each t  0 and ω ∈ Ω .
(H6) There is an r > 0 such that all the trajectories with initial data in Br are uniformly stable
and relatively compact for the product metric topology.
It is easy to prove that the uniform stability of a forward orbit {τ(t,ω0, x0) | t  0} for the
product metric topology, as defined in Section 2, is equivalent to check that given ε > 0
there is a δ(ε) > 0 such that, if s  0 and d(u(s,ω0, x0), x)  δ(ε) for certain x ∈ X, then
‖z(t + s,ω0, x0)− z(t,ω0 · s, x)‖ ε for each t  0.
Hypothesis (H5) holds, among many other cases, in the linear one, as shown in the next result.
Proposition 5.1. Let us consider the family of linear functional differential equations
z′(t) = L(ω · t, zt ), t  0, ω ∈ Ω, (5.1)
satisfying Hypotheses (H1)–(H4). If x  0 and xi(0) > 0 for some i ∈ {1, . . . ,m}, then
zi(t,ω, x) > 0 for each t  0 and ω ∈ Ω , that is, it satisfies Hypothesis (H5).
Proof. As shown in Theorem 3.4.2 of [5], there exists a Borel measurable matrix function Ω ×
(−∞,0] →MR(m), (ω, s) → η(ω, s) such that for each ω ∈ Ω the function η(ω, ·) is locally
of bounded variation for s in (−∞,0] and
L(ω,ϕ) =
0∫
−∞
[
dsη(ω, s)
]
ϕ(s)
for each ϕ of compact support, i.e. ϕi ∈ Cc(−∞,0], i = 1, . . . ,m. Hence, as in Lemma 5.1.2
of [15], as we have monotonicity by (H4), we can express L(ω,ϕ) as
L(ω,ϕ) = D(ω)ϕ(0)+ L˜(ω,ϕ),
where D(ω) = diag(a1(ω), . . . , am(ω)), and L˜(ω,ϕ)  0 whenever ϕ  0, and both D and L˜
vary continuously with ω.
Finally, let x  0 be such that xi(0) > 0 for some i ∈ {1, . . . ,m}. We know that z(t,ω, x) 0
for any t  0. Fix t > 0 and a sequence of positive functions with compact support such that
vn
d→ zt as n → ∞. From (H3) we have limn→∞ L(ω · t, vn) = L(ω · t, zt ) and therefore,
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[
ai(ω · t)vn,i(0)+ L˜i(ω · t, vn)
]
 lim
n→∞ai(ω · t)vn,i(0) = ai(ω · t)zi(t,ω, x),
which implies that zi(t,ω, x) > 0 for each t  0, as claimed. 
Proposition 5.2. Let (ω0, x0) ∈ Ω ×Br be such that K =O(ω0, x0) ⊂ Ω ×Br . For each ω ∈ Ω
we define the map a(ω) on (−∞,0] by
a(ω)(s) = inf{x(s) ∣∣ (ω, x) ∈ K} for each s  0. (5.2)
Then, the map a :Ω → BU, ω → a(ω) is well-defined, it is a continuous super-equilibrium with
Γa = closureX{a(ω) | ω ∈ Ω} ⊂ BU, supω∈Ω ‖a(ω)‖∞ < ∞, and it satisfies the equivalent state-
ments of Proposition 4.10.
Proof. We saw in the proof of Proposition 4.1 that for any (ω˜, x˜) ∈ K , x˜ is Lipschitzian with
Lipschitz constant L = sup{‖F(ω,x)‖ | (ω, x) ∈ Ω × Br}. From this one can prove that each
a(ω) is also Lipschitzian with the same constant L and so, a(ω) ∈ Br for any ω ∈ Ω (see Propo-
sition 5.6 in [10] for more details). Then, it holds that Γa is a compact subset of X, and actually
Γa ⊂ BU.
Let us check that a defines a super-equilibrium. Notice that, as a(ω) ∈ Br , it follows from
Hypothesis (H6) that u(t,ω, a(ω)) exists for any ω ∈ Ω and t  0. Now, fix ω ∈ Ω and t  0
and consider any (ω · t, y) ∈ K . As we have a flow on K , τ(−t,ω · t, y) = (ω,u(−t,ω · t, y)) ∈ K
and therefore, a(ω) u(−t,ω · t, y). Applying monotonicity, u(t,ω, a(ω)) y. As this happens
for any (ω · t, y) ∈ K , we get that u(t,ω, a(ω))  a(ω · t). Besides, as done in Proposition 5.6
in [10], we have that, if ωn → ω and a(ωn) d→ x, then a(ω) x.
Now let us prove that a is continuous on Ω . From Hypothesis (H6) and Proposition 3.6 we
know that K is uniformly stable, and then Theorem 3.3 asserts that the section map (3.1) for K ,
ω ∈ Ω → Kω, is continuous at every ω ∈ Ω . Fix ω ∈ Ω and ωn → ω such that a(ωn) d→ x.
As we have just noted, a(ω)  x. On the other hand, as Kωn → Kω in the Hausdorff metric,
for any y ∈ Kω there exist xn ∈ Kωn , n 1, such that xn d→ y. Then, (ωn, xn) ∈ K implies that
a(ωn)  xn and taking limits, x  y. As again this happens for any y ∈ Kω , we conclude that
x  a(ω). In all, a(ω) = x, as wanted.
To finish, the equivalent statements of Proposition 4.10 hold, as we can apply Proposition 4.1
to any (ω, a(ω)), ω ∈ Ω , based on Hypothesis (H6). 
Theorem 5.3. Assume that Hypotheses (H1)–(H6) hold and let (ω0, x0) ∈ Ω × Br be such that
K =O(ω0, x0) ⊂ Ω ×Br . Then K =O(ω0, x0) = {(ω, c(ω)) | ω ∈ Ω} is a copy of the base and
lim
t→∞ d
(
u(t,ω0, x0), c(ω0 · t)
)= 0,
where c :Ω → BU is a continuous equilibrium.
Proof. We apply first Proposition 5.2 and then Theorem 4.11 to deduce that there is a continuous
equilibrium c :Ω → BU such that for each ωˆ ∈ Ω ,
O(ωˆ, a(ωˆ))= K∗ = {(ω,c(ω)) ∣∣ ω ∈ Ω}. (5.3)
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tion of c. As in Jiang–Zhao [6] we prove that there is a subset J ⊂ {1, . . . ,m} such that
ci(ω) = xi for each (ω, x) ∈ K and i /∈ J,
ci(ω) < xi for each (ω, x) ∈ K and i ∈ J. (5.4)
It is enough to check that if ci(ω˜)(0) = x˜i (0) for some i ∈ {1, . . . ,m} and (ω˜, x˜) ∈ K , then
ci(ω) = xi for any (ω, x) ∈ K . We first notice that ci(ω˜) = x˜i . Otherwise, there would be
s ∈ (−∞,0] with ci(ω˜)(s) < x˜i(s). Then, since ui(s, ω˜, x˜)(0) = x˜i (s) because K admits a
flow extension, u(t, ω˜, c(ω˜)) = c(ω˜ · t) for each t ∈ R because c is an equilibrium, and Hy-
pothesis (H5), we would deduce that ci(ω˜)(0) < x˜i(0), a contradiction. Next, as K is minimal
from (H6) and Proposition 3.6, we take (ω, x) ∈ K and a sequence sn ↓ −∞ such that ω˜ · sn → ω
and u(sn, ω˜, x˜)
d→ x. Then,
xi(0) = lim
n→∞ui(sn, ω˜, x˜)(0) = limn→∞ x˜i (sn)
= lim
n→∞ ci(ω˜)(sn) = limn→∞ ci(ω˜ · sn)(0) = ci(ω)(0),
and as before this implies that ci(ω) = xi , as wanted.
Let (ω, x) ∈ K and define xα = (1 − α)a(ω)+ α x ∈ Br ⊂ BU for α ∈ [0,1], and
L = {α ∈ [0,1] ∣∣O(ω, xα) = K∗}.
If we prove that L = [0,1], then K = K∗, J = ∅ and the proof is finished. From the monotone
character of the semiflow and since O(ω, a(ω)) = K∗, it is immediate to check that if 0 < α ∈ L
then [0, α] ⊂ L.
Next we show that L is closed, that is, if [0, α) ⊂ L then α ∈ L. Since {τ(t,ω, xα) | t  0}
is uniformly stable, let δ(ε) > 0 be the modulus of uniform stability for ε > 0. Thus, we take
β ∈ [0, α) with d(xα, xβ) < δ(ε) and we obtain d(u(t,ω, xα), u(t,ω, xβ)) < ε for each t  0.
Moreover, O(ω, xβ) = K∗ and hence, there is a t0 such that d(u(t,ω, xβ), c(ω · t)) < ε for each
t  t0. Then, we deduce that d(u(t,ω, xα), c(ω · t)) < 2ε for each t  t0 and O(ω, xα) = K∗, as
claimed.
Finally, we prove that the case L = [0, α] with 0  α < 1 is impossible. For each i ∈ J we
consider the continuous map
K → (0,∞), (ω˜, x˜) → x˜i (0)− ci(ω˜)(0).
Hence, there is an ε > 0 such that x˜i (0) − ci(ω˜)(0)  ε > 0 for each i ∈ J and (ω˜, x˜) ∈ K .
Moreover, since (ω˜ · s, u(s, ω˜, x˜)) ∈ K , ui(s, ω˜, x˜)(0) = x˜i (s) for each s  0 because K admits
a flow extension, and ci(ω˜)(s) = ci(ω˜ · s)(0), we deduce that x˜i (s) − ci(ω˜)(s) ε > 0 for each
s ∈ (−∞,0] and (ω˜, x˜) ∈ K .
As before, let δ(ε/4) > 0 be the modulus of uniform stability for the trajectory {τ(t,ω, xα) |
t  0} and take α < γ  1 with d(xα, xγ ) < δ(ε/4). For each t  0 we have ‖u(t,ω, xα)(0) −
u(t,ω, xγ )(0)‖ < ε/4 and, as above, from O(ω, xα) = K∗ we deduce that there is a t0  0 such
that ‖u(t,ω, xα)(0)− c(ω · t)(0)‖ < ε/4 for each t  t0. Consequently, for each t  t0∥∥u(t,ω, xγ )(0)− c(ω · t)(0)∥∥< ε . (5.5)2
646 S. Novo et al. / J. Differential Equations 235 (2007) 623–646Let (ω˜, x˜) ∈ O(ω, xγ ), i.e. (ω˜, x˜) = limn→∞(ω · tn, u(tn,ω, xγ )) for some tn ↑ ∞. The
monotonicity and c(ω) xγ imply that c(ω · tn) u(tn,ω, xγ ), which yields to c(ω˜) x˜. More-
over, from c(ω) xγ  x we have c(ω · tn) u(tn,ω, xγ ) u(tn,ω, x) and hence from (5.4) we
deduce that ci(ω · tn) = ui(tn,ω, xγ ) for each i /∈ J . This yields to ci(ω˜) = x˜i for i /∈ J . Given
any (ω˜, z) ∈ K , from (5.4) we know that ci(ω˜) = zi for each i /∈ J and, as shown above,
zi(s)− ci(ω˜)(s) ε for each s ∈ (−∞,0] and i ∈ J. (5.6)
From (5.5) there is an n0 such that 0 ui(tn,ω, xγ )(0)−ci(ω · tn)(0) < ε/2 for each n n0, and
consequently, 0 x˜i (0)−ci(ω˜)(0) ε/2. As before, since this is true for each (ω˜, x˜) ∈O(ω, xγ )
admitting a flow extension, we deduce that 0 x˜i (s)− ci(ω˜)(s) ε/2 for each s ∈ (−∞,0] and
i ∈ J , which combined with (5.6) and ci(ω˜) = x˜i = zi for i /∈ J show that c(ω˜) x˜  z. Since
this holds for each (ω˜, z) ∈ K , the definition of a provides c(ω˜)  x˜  a(ω˜). From (5.3) we
know that O(ω˜, a(ω˜)) = K∗ and therefore O(ω˜, x˜) = K∗ ⊆ O(ω, xγ ). Once more from (H6)
and Proposition 3.6 we conclude that O(ω˜, x˜) = O(ω, xγ ) = K∗, a contradiction. Therefore,
L = [0,1], i.e. J = ∅ and O(ω0, x0) = K∗, as stated. 
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